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Abstract
We compute the OPE coefficients of the bosonic tensor model of [1] for three point functions with
two fields and a bilinear with zero and non-zero spin. We find that all the OPE coefficients are real
in the case of an imaginary tetrahedral coupling constant, while one of them is not real in the case
of a real coupling. We also discuss the operator spectrum of the free theory based on the character
decomposition of the partition function.
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1 Introduction
Recently there has been extensive interest in tensor models because they admit a new kind of large N limit,
the melonic limit [2–5]. The melonic limit is different from both the large N limit of vector models [6, 7]
(dominated by bubble diagrams) and the one of matrix models [8–10] (dominated by planar diagrams).
Although as algebraic objects tensors are more complicated than matrices, their large N limit is simpler
because the melonic graphs are a subset of the planar graphs. The melonic limit is also obtained as a large
D limit of planar diagrams, or at large N in matrix–tensor models [11–13].
Tensor models were initially studied in zero dimension in the context of quantum gravity and random
geometry [3, 14–17]. They were then studied in one dimension [18–30] (see also [4, 31] for reviews) as a
generalization of the Sachdev-Ye-Kitaev model [32–37] without quenched disorder.
Tensor models can also be generalized in d dimensions to proper field theories. In this setting they give
rise to a new family of conformal field theories (CFTs) at large N which are analytically accessible [38–43].
We call these conformal field theories melonic.
In [1], a bosonic tensor field theory model has been shown to have an infrared attractive fixed point
of the renormalization group flow. Besides the tensorial structure of the interactions, already present
for example in [38], the model has two distinctive features: first, the kinetic term is non-local, or in
other words, in the free limit we have a generalized free field theory; second, the coupling of the so-called
tetrahedral interaction is imaginary. Although these two aspects of the model might seem somewhat exotic,
they are not at all unprecedented. Generalized free fields are a rather old idea [44], and their interacting
counterpart, in the case of a single scalar field, is known as the long-range Ising model [45, 46]. The
latter has been studied extensively with various methods, including constructive methods [47,48], large-N
expansion [49], functional renormalization group [50], and CFT methods [51, 52]. Our choice of kinetic
term would correspond in the long-range Ising model to the transition point between the mean field theory
behavior and the long-range one. The transition being continuous, our choice would then give mean field
behavior in such model, i.e. no non-trivial fixed point. The existence of a non-trivial IR fixed point in our
case is due mainly to the tetrahedral interaction. Concerning its imaginary coupling, a famous example
of field theory with imaginary coupling is given by the Lee-Yang model with an iλφ3 interaction [53, 54],
which is a real but non-unitary conformal field theory [55].
In this paper, we aim to further analyze the melonic CFT describing the fixed point of [1]. Although
we have not proven that the theory is indeed conformal invariant, we are encouraged to think so on the
basis of the conformal invariance of the long-range Ising model [51], and the self-consistency of our CFT-
based results. We will thus assume conformal invariance of the fixed-point theory, and work within the
framework of CFT. The main point we want to elucidate here is whether such a CFT is unitary. This
question is more subtle than it looks at first sight.
A CFT is determined by the list of dimensions of primary operators and OPE coefficients among
them. All the correlation functions can then be obtained using the operator product expansion. In [1],
the dimensions of the primary bilinear operators with spin J = 0 were obtained. Here we complete this
list and obtain the dimensions h of the primary bilinear operators with arbitrary spin J :
Oh,J ∼ [(∂2)...∂(µ1 . . . ∂µiφ][∂µi+1 . . . ∂µJ )(∂2)...φ]− traces . (1)
We then compute an infinite (sub)set of OPE coefficients, namely those of the three point functions of two
fundamental fields and a bilinear primary:
〈φφOh,J〉 . (2)
In order to completely characterize the CFT we would furthermore need the conformal dimensions and
OPE coefficients of all the other primary operators. We leave this study for future work and below we
focus on the bilinear primaries only.
2
A necessary (but not sufficient) condition for a CFT to be unitary is for all the OPE coefficients to
be real [55]1. As the tetrahedral coupling is purely imaginary at the fixed point, we expect some OPE
coefficients to be complex in our model and the CFT to not be unitary.
However, a tantalizing possibility exists: it is possible that complex OPE coefficients pertain only to
three point functions that are subleading in N . That is, it is possible that even though the finite N CFT is
not unitary, the large N CFT is. The results of this paper point in this direction: all the OPE coefficients
we compute are real in the case of an imaginary tetrahedral coupling.
Outline of results Our results are the following. We consider the O(N)3 tensor model of [1] in d < 4
dimensions. In the large N limit, but non perturbatively in the coupling constants, this model has four
lines of fixed points parametrized by the tetrahedral coupling constant λ. For purely imaginary λ, one of
the fixed points is infrared attractive.
First, we compute the dimensions of bilinear operators Oh,J . We find two types of solutions at small
renormalized tetrahedral coupling g. The first type:
h± =
d
2
± 2Γ(d/4)
2
Γ(d/2)
√
−3g2 +O(g3) , (3)
only exists for the scalar (spin J = 0) case. It is complex (at all orders in g) for real tetrahedral coupling
and real (at all orders in g) for purely imaginary tetrahedral coupling. The second type:
hm,J =
d
2
+ J + 2m− Γ(d/4)
4Γ(m+ J)Γ(m+ 1− d2) sin
(
pid
2
)
Γ(d2 + J +m)Γ(m+ 1) pi
6g2 +O(g4) , (4)
with m,J ∈ N, (m,J) 6= (0, 0) exists for both scalar J = 0 and spin J > 0. It is (at all orders in g) real
for both real and purely imaginary tetrahedral coupling. In the free limit g = 0, we recover the classical
dimensions d2 + J + 2m.
Next, we computed the OPE coefficients cm,J of the three point functions 〈φφOhm,J ,J〉. For (m,J) 6=
(0, 0) the OPE coefficients cm,J are real (at all orders in g):
c2m,J = 2
Γ(J + d2)Γ(J +m)Γ(
d
2 + J + 2m− 1)Γ(1 +m− d2)Γ(d4 + J +m)2
Γ(J + 1)Γ(m+ 1)Γ(1 + 2m− d2)Γ(d2 + J +m)Γ(J + 2m)Γ(d2 + 2J + 2m− 1)Γ(d4 −m)2
+O(g2) . (5)
In particular the cm,J are real at order g
0 which points to a unitary free theory.
At spin J = 0, the OPE coefficient c0,0 is complex (at all orders in g) for g real and real (at all orders
in g) for g purely imaginary:
c20,0 = 2±
√
−3g2 4 Γ(d/4)
2
Γ(d2)
[
2Ψ(d/4)−Ψ(d/2)−Ψ(1)
]
+O(g3) . (6)
The cases d = 2 and d = 1 are special so we treat them separately. While the d = 1 case turns out to
be very similar to the d = 3 one, the d = 2 case is not. In fact the d→ 2 limit is singular, a phenomenon
we detail below.
Our results hold at all orders in g. This is due to the fact that both the dimensions and the OPE
coefficients consist in a real constant term plus either a series in g2 with real coefficients or
√
−g2 times a
series in g2 with real coefficients.
1An additional requirement is for all the dimensions h of primaries to satisfy the unitarity bound h ≥ d
2
− 1
3
Plan of the paper In section 2, we introduce and review the model, its RG flow, fixed points and the
operator product expansion. In section 3, we compute the dimensions of the bilinear primary operators
and the corresponding OPE coefficients for d 6= 1, 2. In section 3.1, we detail the case d = 3. As the
cases d = 2 and d = 1 are special, we study them respectively in section 3.2 and 3.4. In section 4, we use
representation theory to derive the spectrum of bilinear primary operators in the free theory for integer
dimension d = 3, 2, 1. Our conclusions are given in section 5. In appendix A, we give some technical
details. In appendix B, we further comment on the free theory. Lastly, in appendix C, we review the OPE
coefficients of the original SYK model and those of the conformal SYK model of Gross and Rosenhaus [56].
2 The model and the operator product expansion
We study the tensor model of [1], that is the O(N)3 tensor model of Klebanov and Tarnopolsky [20] and
Carrozza and Tanasa [57] (CTKT model) with a modified covariance.
We consider a real tensor field of rank 3, φa1a2a3(x), transforming under O(N)
3 with indices distin-
guished by the position and we denote a = (a1, a2, a3). The action of the model is 2:
S[φ] =
1
2
∫
ddx φa(x)(−∂2)ζφa(x) + Sint[φ] ,
Sint[φ] =
m2ζ
2
∫
ddx φa(x)δabφb(x) +
λ
4N3/2
∫
ddx δtabcd φa(x)φb(x)φc(x)φd(x)
+
∫
ddx
(
λp
4N2
δpab;cd +
λd
4N3
δdab;cd
)
φa(x)φb(x)φc(x)φd(x) ,
(7)
where ∂2 = ∂µ∂
µ, δab =
∏3
i=1 δaibi and:
δtabcd = δa1b1δc1d1δa2c2δb2d2δa3d3δb3c3 , δ
p
ab;cd =
1
3
3∑
i=1
δaiciδbidi
∏
j 6=i
δajbjδcjdj , δ
d
ab;cd = δabδcd , (8)
where t stands for tetrahedron, d for double-trace and p for pillow pattern of contraction of indices. We
have not assign any subscript to the coupling λ of the tetrahedral invariant.
As usual, it is convenient to introduce a graphical representation of the O(N)3 invariants, which also
justifies their names. We represent every tensor (φa, φb and so on) as a three valent vertex and every
contraction of two indices (ai and bi for instance) as an edge with a color i = 1, 2 or 3 (red, green and
blue) corresponding to the position i of the indices. The quartic invariants of Eq. (7) are represented in
Fig. 1.
Figure 1: Graphical representation of the quartic O(N)3 invariants. From left to right: the
tetrahedron, the pillow, and the double-trace (there are three pillow contractions, distinguished
by the color of the vertical edge).
2Repeated indices are summed; we work in d dimensional Euclidean space; we denote x, y and so on positions,
∫
x
≡ ∫ ddx
and p, q and so on momenta and
∫
p
≡ ∫ ddp
(2pi)d
.
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The difference between this model and the CTKT model is that the Laplacian is allowed to have a
non integer power ζ ≤ 1. This modification preserves the reflection positivity of the propagator: the free
theory is unitary for any ζ ≤ 1. We set ζ = d4 , rendering the quartic invariants marginal in any d [1].
We can expand the free energy and the connected n-point functions into connected Feynman graphs.
Each interaction invariant is a 3-colored graph and the Feynman propagators are represented as edges with
a new color which we call 0 (pictured in black) connecting the tensors. This leads to a representation of
the Feynman graphs as 4-colored graphs. It is sometimes convenient to simplify the graphs by shrinking
each interaction invariant to a point. This model has a 1/N expansion [20,57] dominated by melon tadpole
graphs [1] with melons based on couples of tetrahedral vertices and tadpoles based on either pillow or
double-trace vertices (see Fig.2).
Figure 2: A melon tadpole graph, where all the invariants have been shrunk to point-like vertices.
The two point function is diagonal in the tensor indices: denoting A = (a, x) and so on, the effective
two-point function is:
GAB = 〈φa(x)φb(y)〉 = δabG(x− y) . (9)
Renormalization. For ζ = d/4 the bare covariance reproduces the infrared scaling of the two-point
function. With this choice, in the large N limit but non perturbatively in the coupling constants, the RG
flow of the model has four lines of fixed points parameterized by the tetrahedral coupling λ. In detail, we
get the following.
Two point function. For any bare couplings there exists a choice of the bare mass such that the
renormalized mass is tuned to zero. The wave function renormalization Z is a finite rescaling and the
Fourier transform of G(x− y) is:
G(p) =
1
Zp2ζ
, Z4 − Z3 = λ2 1
(4pi)d
Γ
(
1− d4
)
d
4Γ
(
3d4
) . (10)
Four point function. The four point function is computed [1] in terms of the two particle irreducible
four point kernel K and the projector on symmetric functions S [58]:
〈φAφBφCφD〉c = 2
( K
1−KS
)
AB;C′D′
GC′CGD′D , (11)
and at leading order in N the four point kernel is (see Fig.3):
K(a,x′)(b,y′);(c,z)(d,w) =Gx′xGy′y
[
− λpδxyδxzδxwδˆpab;cd − λdδxyδxzδxwδˆdab;cd + 3λ2G2xyδxzδywδˆpab;cd
]
, (12)
where repeated positions are integrated, Gxy ≡ G(x − y) and δˆpab;cd = 1N2 δpab;cd respectively δˆdab;cd =
1
N3
δdab;cd are the rescaled pillow and double-trace contraction operators.
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K = −λp −λd +3λ2
Figure 3: Graphical representation of the kernel amputated to the right at leading order in N .
The first two terms are based respectively on pillow and double-trace vertices while the last one
is based on a pair of tetrahedral vertices.
With λ1 = λp/3 and λ2 = λp + λd, the four-point kernel in momentum space writes:
Kp1,p2;q1,q2 =(2pi)
dδ(p1 + p2 − q1 − q2)G(p1)G(p2)[(
λ2
∫
q
G(q)G(q + p1 − q1)− λ1
)
P1 +
(
3λ2
∫
q
G(q)G(q + p1 − q1)− λ2
)
P2
]
, (13)
with P1 = 3(δˆ
p − δˆd) and P2 = δˆd.
Fixed points. The tetrahedral coupling has a finite flow: the renormalized tetrahedral coupling is just
a rescaling of the bare one by the wave function constant:
g = Z−2λ , βg = k
∂g
∂k
= 0 . (14)
The β functions of the renormalized couplings g1 and g2 are independent and quadratic [1]:
βgi = k
∂gi
∂k
= β
(i)
2 g
2
i − 2β(i)1 gi + β(i)0 , i not summed, (15)
where the coefficients β(i)... are power series in g
2. Each β function admits two fixed points parametrized
by g and we get four lines of fixed points. For a purely imaginary tetrahedral coupling g, the fixed points
are real and one of them is infrared attractive. In the rest of the paper we are interested in studying the
CFT defined at this infrared attractive fixed point.
Operator product expansion. The four point function in a CFT with a real field of dimension ∆φ
can always be written as [59–61]:
〈φ(x1)φ(x2)φ(x3)φ(x4)〉 =〈φ(x1)φ(x2)〉 〈φ(x3)φ(x4)〉+
+
∑
J
∫ d
2
+ı∞
d
2
−ı∞
dh
2piı
1
1− k(h, J) µ
d
∆φ
(h, J)G
∆φ
h,J(xi) ,
(16)
with G
∆φ
h,J(xi) the conformal block [59,60] (a “known” function), µ
d
∆φ
(h, J) the measure:
µd∆φ(h, J) = b
2
(
1 + (−1)J
2
)
Γ(J + d2)
Γ(J + 1)
× Γ(
d
2 −∆φ)2Γ(
2∆φ−d+h+J
2 )Γ(
2∆φ−h+J
2 )Γ(h− 1)Γ(d− h+ J)Γ(h+J2 )2
Γ(∆φ)2Γ(
2d−2∆φ−h+J
2 )Γ(
d−2∆φ+h+J
2 )Γ(h− d2)Γ(h+ J − 1)Γ(d−h+J2 )2
, (17)
and k(h, J) the eigenvalues of the two particle irreducible four point kernel [61]. b is the coefficient of the
two-point function in direct space, but in the following we will omit it from the measure, meaning that
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we actually consider the four-point function for the rescaled fields φ/
√
b. The case d = 1 is special [34]: in
that case one gets extra contours for h around the even integers.
The OPE expansion is obtained by deforming the integration contour to the right and picking up the
poles in the integrand. All the poles coming from the measure and the conformal block are spurious [59]
hence:
〈φ(x1)φ(x2)φ(x3)φ(x4)〉 = 〈φ(x1)φ(x2)〉 〈φ(x3)φ(x4)〉+
∑
m,J
c2m,J G
∆φ
hm,J
(xi) , (18)
where hm,J are the poles of (1 − k(h, J))−1 [61] and the squares of the OPE coefficients are the residues
at the poles:
c2m;J = −µd∆φ(hm,J , J)Res
[
1
1− k(h, J)
]
h=hm,J
=
µd∆φ(hm,J , J)
k′(hm,J , J)
, (19)
where the prime denotes a derivative respect to h. As we deform the contour to the right, we only pick up
the poles with Re(hm,J) ≥ d/2. If some poles lie on the original integration contour, that is Re(hm,J) = d/2,
extra care must be taken.
From now on we focus on d < 4. While the interesting values are d = 1, 2 and most especially d = 3,
all our results apply also in non integer d.
3 Primary operators and OPE coefficients
We now compute the dimensions of the bilinear primaries of arbitrary spin and their OPE coefficients.
Dimensions of primaries. Our model has ∆φ = d/4 [61] and the eigenvalues of the two particle
irreducible four point kernel [61] are:
k(h, J) = 3g2Γ(d/4)4
Γ(−d4 + h+J2 )Γ(d4 − h−J2 )
Γ(3d4 − h−J2 )Γ(d4 + h+J2 )
. (20)
We are interested in the solutions hm,J of the equation k(h, J) = 1 with Re(hm,J) ≥ d/2 for small g.
Such solutions correspond to values of h for which the ratio of Gamma functions diverges. As the Gamma
function does not have any zeros in the complex plane (1/Γ(z) is an entire function) divergences only arise
near the poles of the numerator Γ(−d4 + h+J2 )Γ(d4 − h−J2 ). We are only interested in the poles in the region
Re(h) ≥ d/2, therefore the relevant poles of the numerator are located at the classical dimensions of the
bilinear spin J operators:
hclassical = d/2 + J + 2m , m ≥ 0 . (21)
The poles of Γ(−d4 + h+J2 ) are located at h = d/2 − J − 2m which does not obey Re(h) ≥ d/2 for
(m,J) 6= (0, 0). In the neighborhood of each pole we parametrize h = d/2 + J + 2m + 2z with z ∼ o(g).
Then k(h, J) becomes:
k(d/2 + J + 2m+ 2z, J) = 3g2Γ(d/4)4
Γ(J +m+ z)Γ(−m− z)
Γ(d2 −m− z)Γ(d2 + J +m+ z)
. (22)
For any d, the pole (m,J) = (0, 0) is special because both the Γ functions in the numerator are singular,
while for the poles (m,J) 6= (0, 0) only one of them is. Moreover the case d = 2 is special as Γ(d2 −m− z)
diverges for m ≥ 1 at small z. We take d 6= 2 and we will deal with d = 2 in section 3.2. The function
k(h, J) close to the pole (m,J) takes the form:
k(0,0)(z) = 3g
2Γ(d/4)4
Γ(1 + z)Γ(1− z)
(−z2)Γ(d2 − z)Γ(d2 + z)
,
k(m,J)(z)
(m,J)6=(0,0)
========= 3g2Γ(d/4)4
Γ(J +m+ z)
Γ(d2 + J +m+ z)
Γ(1 + z)Γ(1− z)
zΓ(m+ 1 + z)
Γ(m+ 1− d2 + z)
Γ(z − d2)Γ(d2 + 1− z)
,
(23)
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where in the second line we used Γ(−m+ a) = (−1)m+1Γ(−a)Γ(1 + a)/Γ(m+ 1− a). The dimensions of
the physical operators in the interacting theory are the solutions of the equation k(hm,J , J) = 1, that is:
hm,J =
d
2
+ J + 2m+ 2zm,J , k(m,J)(zm,J) = 1 . (24)
The solutions zm,J (which are the anomalous scalings of the bilinear primaries at the fixed point) are
obtained as follows.
The case (m,J) = (0, 0) The anomalous dimension z0,0 is the solution of:
(−z2)Γ(
d
2 − z)Γ(d2 + z)
Γ(1 + z)Γ(1− z) = 3g
2Γ(d/4)4 , (25)
where only the solutions with Re(z) ≥ 0 are picked up. Observe that the left hand side of eq. (25) is a
series in z2 with real coefficients, therefore z20,0 is a series in g
2 with real coefficients starting at first order
which implies:
z0,0 = ±Γ(d/4)
2
Γ(d/2)
√
−3g2
1 +∑
q≥0
Cqg
2q
 , Cq ∈ R . (26)
At first order in g we have:
z0,0 = ±Γ(d/4)
2
Γ(d/2)
√
−3g2 +O(g3) , h± = d
2
± 2Γ(d/4)
2
Γ(d/2)
√
−3g2 +O(g3) . (27)
The case (m,J) 6= (0, 0) The remaining anomalous dimensions are the solutions of:
z
Γ(d2 + J +m+ z)Γ(m+ 1 + z)Γ(z − d2)Γ(d2 + 1− z)
Γ(J +m+ z)Γ(1 + z)Γ(1− z)Γ(m+ 1− d2 + z)
= 3g2Γ(d/4)4 . (28)
Obviously zm,J are series in g
2 with real coefficients and at first order in g we have:
zm,J = 3g
2Γ(d/4)4
Γ(J +m)Γ(m+ 1− d2)
Γ(d2 + J +m)Γ(m+ 1)Γ(−d2)Γ(d2 + 1)
+O(g4)
hm,J =
d
2
+ J + 2m+ 2
3g2Γ(d/4)4Γ(m+ J)Γ(m+ 1− d2) sin
(−pid2 )
Γ(d2 + J +m)Γ(m+ 1) pi
+O(g4) . (29)
The OPE coefficients. In appendix A, we give a detailed computation of the measure and residue
factors which are needed for the OPE coefficients (19). Here we simply present the final result. Putting
all factors together the OPE coefficients are:
c20,0 = 2− 4 z0,0
[
Ψ(d/2) + Ψ(1)− 2Ψ(d/4)
]
+O(z20,0)
= 2±
√
−3g214 Γ(d/4)
2
Γ(d2)
[
2Ψ(d/4)−Ψ(d/2)−Ψ(1)
]
+O(g3) ,
(30)
and for (m,J) 6= (0, 0):
c2m,J = 2
Γ(J + d2)Γ(J +m)Γ(
d
2 + J + 2m− 1)Γ(1 +m− d2)Γ(d4 + J +m)2
Γ(J + 1)Γ(m+ 1)Γ(1 + 2m− d2)Γ(d2 + J +m)Γ(J + 2m)Γ(d2 + 2J + 2m− 1)Γ(d4 −m)2
+O(g2) . (31)
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Summary of results. The conclusions of the computation of the OPE coefficients at small g are:
- at g = 0 we recover the classical dimensions hclassical = d/2 + J + 2m.
- at g 6= 0 we get the dimensions hm,J = d/2 + J + 2m + 2zm,J with z0,0 ∼
√
−g2 and zm,J ∼ g2 for
(m,J) 6= (0, 0). For (m,J) 6= (0, 0), zm,J is always real. z0,0 is real for purely imaginary coupling
and purely imaginary for real coupling. This is true at all orders in g.
- at order g0 all the OPE coefficients cm,J are real, c
2
m,J > 0. This is reassuring as it means that the
free theory is unitary, which it is (from OS positivity).
- the OPE coefficients cm,J with (m,J) 6= (0, 0) are always real, c2m,J > 0, at all orders in g because
they are series with real coefficients in zm,J which in turn is a series with real coefficients in g
2.
- the OPE coefficient c0,0 is:
– complex (c20,0 has a non zero imaginary part) at all orders in g for g real,
– real (c20,0 > 0) at all orders in g for g purely imaginary,
this is because c0,0 is a series with real coefficients in z0,0.
3.1 The d = 3 case
In this subsection, we focus on the d = 3 case. Setting ∆φ = d/4 with d = 3, we obtain the eigenvalues:
k(h, J) = 3g2 Γ(3/4)4
Γ(34 +
J
2 − h2 )Γ(h2 + J2 − 34)
Γ(94 +
J
2 − h2 )Γ(h2 + J2 + 34)
, (32)
and the measure:
µ33/4(h, J) =
(
1 + (−1)J
2
)
Γ(h− 1)Γ(J + 32)Γ(3− h+ J)Γ(h+J2 )2
Γ(h− 32)Γ(J + 1)Γ(3−h+J2 )2Γ(h+ J − 1)
× Γ(
h
2 +
J
2 − 34)Γ(34 − h2 + J2 )
Γ(34 +
h
2 +
J
2 )Γ(
9
4 − h2 + J2 )
. (33)
The plots in Figure 4 graphically show that we can find one solution for the conformal dimension close
to hm,J = 3/2 + J + 2m for each non-negative integers m and J . For the (m,J) = (0, 0) case, there is a
rather bigger deviation from h0,0 = 3/2.
The case (m,J) = (0, 0). Expanding for small coupling constant g, we find the physical conformal
dimensions:
h± =
3
2
± 4
√
−3g
2
pi
Γ(3/4)2 + O(g3) , (34)
and associated OPE coefficients:
c2± = 2 ±
8
pi
(pi − 2− 4 log 2)Γ(3/4)2
√
−3pig2 + O(g3) . (35)
For a real value of the coupling constant g, both solutions h± are on the contour integral Re(h) = 3/2 and
extra care is needed. In this case both c2± are not real.
For a purely imaginary value of the coupling constant, h+ is at the right of the contour while h− is at
the left. Therefore in this case only h+ is in the spectrum of the model. The associated OPE coefficient
is c2+ = 2 + · · · > 0 for small coupling g.
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The case (m,J) 6= (0, 0). The other solutions are also obtained by small coupling expansion as:
hm,J =
3
2
+ J + 2m +
6Γ(34)
4Γ(m− 12)Γ(m+ J)
pi Γ(m+ 1)Γ(m+ J + 32)
g2 + O(g4) , (36)
for non-negative integers m and J excluding the (m,J) = (0, 0) case. The associated OPE coefficients are
given by:
c2m,J =
Γ(m− 12)Γ(m+ 14)Γ(J + 32)Γ(m+ J)Γ(m+ J + 34)Γ(2m+ J + 12)
24m+2J−2 pi Γ(m+ 1)Γ(J + 1)Γ(m− 14)Γ(2m+ J)Γ(m+ J + 14)Γ(m+ J + 32)
+ O(g2) . (37)
The zeroth order (i.e. g0) contributions are real and positive for any m and J . Hence, the OPE coefficients
are real for all m and J in the small coupling regime. This is a strong indication of unitarity of the model
for d = 3.
2 4 6 8 10 12
h
-1.0
-0.5
0.0
0.5
1.0
k(h)-1 d=3, J=0, g=0.1*i
2 4 6 8 10 12
h
-1.0
-0.5
0.0
0.5
1.0
k(h)-1 d=3, J=2, g=0.1*i
2 4 6 8 10 12
h
-1.0
-0.5
0.0
0.5
1.0
k(h)-1 d=3, J=4, g=0.1*i
Figure 4: Plots of k(h)− 1 for d = 3, g = 0.1i, and J = 0, 2, 4.
3.2 The d = 2 case
We now focus on the d = 2 case. We first set d = 2 directly in the above equations. With ∆φ = d/4, we
have for the eigenvalues of the four point kernel:
k(h, J) = − 12pi
2g2
(h+ J − 1)(h− J − 1) , (38)
therefore the solutions of k(h, J) = 1 are given by:
h± = 1 ±
√
J2 − 12pi2g2 . (39)
10
A physical dimension needs to have real part at least 1, therefore these solutions exist in the spectrum
only in the following range of the coupling constant:
For h+ : g
2 ≤ J
2
12pi2
, (40)
For h− :
J2
12pi2
≤ g2 . (41)
From this we can see that J = 0 is a special case where the g2 → 0 limit is well-defined for both h±. On
the other hand, for J > 0, the weak coupling limit g2 → 0 is only well-defined for h+ and in the weak
coupling limit h− does not exist in the spectrum. Therefore, the h+ solution in J > 0 corresponds to the
hm,J solution in Eq. (29) with m = 0. The measure in d = 2 is given by:
µ21/2(h, J) =
(
1 + (−1)J
22h−2
)
Γ(h+J2 )Γ(
1−h+J
2 )
Γ(h+J+12 )Γ(
2−h+J
2 )
. (42)
Spin J = 0. The OPE coefficients for the (m,J) = (0, 0) case are:
c2± = 2 ∓
√
−3g2 16pi log 2 + O(g2) , (43)
that is these OPE coefficients are real for small pure imaginary coupling g.
Spin J > 0. The OPE coefficients for the J > 0 case are:
c20,J =
22−2J Γ(J + 12)√
pi Γ(J + 1)
+ O(g2) . (44)
The zeroth order O(g0) contributions are real and positive for any J . Hence, the OPE coefficients are real
for all J in the small coupling regime.
3.3 Discontinuity at d = 2
At d = 2, all solutions with m > 0 in Eq. (29) disappear from the spectrum. In order to better understand
this phenomenon, let us consider d = 2 + ε and expand the eigenvalue (20) in ε. This leads to
k(h, J) = − 12pi
2g2
(h+ J − 1)(h− J − 1)
[
1 − 1
2
(
2γ +
1
h+ J − 1 +
3
1− h+ J + 4 log 2
+ Ψ
(
1− h+ J
2
)
+ Ψ
(
h+ J − 1
2
))
ε + O(ε2)
]
, (45)
where γ is the Euler-Mascheroni constant. The zeroth order in ε is a monotonically decreasing function of
h for any J , while the first digamma function appearing in the O(ε) order introduces an infinite number
of divergences at
h = 1 + J + 2m (m = 0, 1, 2 · · · ) (46)
and this leads to the solutions (29) with m > 0. Figure 5 shows this behavior of the eigenvalue. Taking
d = 2 +  in Eq. (5) and sending  → 0 we conclude that all the OPE coefficients cm,J (including those
with m > 0) have finite, non zero limits when sending d to 2.
In fact we will argue in section 4 that the correct spectrum of the free theory at d = 2 is actually given
by Eq. (46). This is based on the character decomposition of the free theory partition function which we
will present in detail.
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Zeroth+First 2 4 6 8 10 12 h
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0
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Figure 5: Plots of k(h)− 1 around d = 2 with g = 0.1i, and J = 0, 2, 4. The blue lines represent
the result strictly at d = 2 and the orange lines represent the first order correction of  ≡ d− 2.
For the plots, we took  = 0.1. The green lines are the results with the zeroth and first order
corrections together.
3.4 The d = 1 case
The measure computed in appendix A is not defined for d = 1. The correct measure for d = 1 is given
by [34]:
µ(h) =
2h− 1
pi tan(pih/2)
Γ(h)2
Γ(2h)
α0k(h, 0)
2
, (47)
with α0 =
pi
3Γ(1/4)4g2
, and k(h, 0) given by Eq. (20) at d = 1. The on-shell value of the conformal dimensions
hm are, from section 3:
h± =
1
2
± 2
√
−3g
2
pi
Γ(1/4)2 +O(g3) , (48)
hm =
1
2
+ 2m− 6Γ(1/4)
4g2
mpi
+O(g4) , m > 0 . (49)
In d = 1, a physical dimension needs to be greater than 1/2. Therefore, in the weak purely imaginary
coupling limit h− does not exist in the spectrum. For weak real coupling, h± are on the contour Re(h) =
1/2. The OPE coefficients are given by:
c2± = 2 ∓ (pi + 4 log 2)Γ(1/4)2 4
√
−3g
2
pi
+ O(g3) , (50)
c2m =
4
pi
Γ(2m+ 1/2)2
Γ(4m+ 1)
+ O(g2) . (51)
Therefore, the OPE coefficients are real for the free theory (g = 0) and for small pure imaginary coupling.
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As a final comment on the d = 1 case, if we expand the general formulae (83) around d = 1, we obtain:
µdd/4(h, 0) =
√
pi tan(pi4 (2h+ 1))Γ(h)
22h−2 tan(pih/2) Γ(12 + h)
+ O(d− 1) . (52)
This result does not agree with the expression given in Eq. (47). The reason for this is that the complete
set of h in d = 1 is not just the principal series (h = 1/2 + ir), but also contains the discrete modes
(h = 2n) [62]. Therefore Eq. (16) (expressing the four point function in terms of conformal partial waves)
must me modified by adding contours around the discrete modes h = 2n and changing the measure µ(h)
accordingly.
4 A group-theoretic derivation of the spectrum of bilinear operators
in the free theory
In the limit of vanishing coupling, our model (7) reduces effectively to a vector model withO(N3) symmetry.
The two models are still distinguishable if one chooses to impose a singlet constraint based on one or the
other group but, as we are here studying only bilinear operators, the two models should be indistinguishable
in the free limit. Since our spectrum is continuous for g → 0 (see appendix B for the computation directly
at g = 0), this raises the question of why it is parametrized by J and m rather than by just J , as in the
usual vector model (see for example [63] for a review).
Furthermore, we would like to understand the apparent discontinuity at d = 2, which is present both
at finite g (previous sections) and at g = 0 (appendix B).
In this section, we reconstruct the spectrum of the free theory by a different method, as a way to
cross-check our results, and in particular shed some light on the two questions above. We follow the set
of ideas which have been developed in a number of papers, in connection to the Hagedorn transition in
gauge theories [64, 65] and the AdS/CFT duality between vector models and higher-spin theory [66–68].
Similar methods have also been applied to tensor models in [24,25,69]. Since we are here interested in the
free theory, and its spectrum of bilinear operators, the O(N)3 symmetry of our model will play no role,
and we can actually treat its free limit as a O(N3) vector model. The main difference to the usual vector
model, which we wish to highlight, is the effect of the non-canonical kinetic operator of our model on the
spectrum of bilinear operators.
The spectrum of operators of a CFT on Rd, or equivalently of CFT states on R×Sd−1, can be encoded
in the grand canonical partition function with singlet constraint on S1×Sd−1, where the S1 is understood
as Euclidean thermal circle with period β. First, we introduce the canonical or single-particle partition
function:
Z(q, µ) = Tr[q∆µj3 ] , (53)
where q = e−β and µ = e−Ω, with Ω being the chemical potential conjugate to the eigenvalues of Cartan
elements of Sd−1, denoted by j3, and the trace is over all the states built out of the elementary field φ,
which transforms in a real representation R of the symmetry group G (we will consider either U(N) or
O(N)). In this section, ∆ denotes the conformal dimension, i.e. the eigenvalue of the dilation operator,
which as usual plays the role of Hamiltonian in the radial quantization picture.
The grand canonical or multi-particle free energy, without singlet constraint, is related to the single-
particle partition function by
F = − lnZ(q, µ) = −Tr[ln(1− q∆µj3)−1] = −
∞∑
m=1
1
m
Z(qm, µm) . (54)
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Following [64–66,68], imposing the singlet constraint amounts to writing the multi-particle partition func-
tion with an integral over the symmetry group G:
ZG(q, µ) =
∫
G
[dU ] exp
{∑
i
∞∑
m=1
1
m
qm∆iµmj3,iχGR(U
m)
}
=
∫
G
[dU ] exp
{ ∞∑
m=1
1
m
Z(qm, µm)χGR(U
m)
}
≡ exp
{ ∞∑
m=1
1
m
ZG(qm, µm)
}
,
(55)
where [dU ] is the normalized Haar measure, and χGR(U) is the character of the group element U ∈ G in
the representation R. The two cases which are relevant for us are [69]:
χ
U(N)
N⊕N¯ (U) = tr(U) + tr(U
−1) , (56)
χ
O(N)
N (U) = tr(U) . (57)
The integral over the group can be done explicitly, and the result can be expressed in terms of characters
of the conformal group, which are in fact the single-particle partition function without singlet constraint
Eq. (53). We denote the character of the (∆φ, J) representation of the SO(2, d) conformal group by
χ
(d)
(∆φ,J)
(q, µ). For the U(N) gauge symmetry case one finds [66]:
Z
(d)
U(N)(q, µ) =
(
χ
(d)
(∆φ,0)
(q, µ)
)2
. (58)
For the O(N) gauge symmetry case, the O(N) gauge singlet condition introduces an additional term in
the partition function [67,68] as:
Z
(d)
O(N)(q, µ) =
1
2
(
χ
(d)
(∆φ,0)
(q, µ)
)2
+
1
2
χ
(d)
(∆φ,0)
(q2, µ2) . (59)
The derivation above is very generic, based just on representation theory (the integral over the group
is the way to count the number of singlets in a product of representations), and thus it applies also to our
model with a non-canonical dimension ∆φ for the elementary field. The appearance of ∆φ 6= d−22 is in fact
the only difference between our Z
(d)
G (q, µ) and those found in the literature, and we are going to explore
the consequences of this difference.
Before moving on, we should point out a subtle aspect of the above discussion. The group integral
enforcing the singlet constraint is usually introduced in the partition function by gauging the global
symmetry on the compact manifold S1 × Sd−1, in the limit of vanishing gauge coupling, or equivalently
by coupling the theory to a flat connection Aµ = U
−1∂µU and integrating over it. The connection can
be gauged away, except for the constant A0 component which has a non-trivial holonomy on S
1. For
the usual vector model one can then show [66, 68] that the integral over A0 reduces to the group integral
in Eq. (55). In our case, the non-integer power of the Laplacian renders such path integral derivation
more perilous. Gauging can actually be done in the standard way, simply replacing the derivatives with
covariant derivatives, as best seen by expressing our kinetic operator in terms of the heat kernel by an
inverse Laplace transform:
Sfree[φ] =
Γ(1 + ζ)
2
∫ γ+i∞
γ−i∞
ds
2pi i
s−1−ζ
∫
ddx
√
g φa(x)e
−s∂2φa(x)
=
Γ(1 + ζ)
2
∫ γ+i∞
γ−i∞
ds
2pi i
∑
n≥0
s−1−ζ+n
n!
∫
ddx
√
g φa(x)(−∂2)nφa(x) .
(60)
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The replacement ∂µ → ∂µ +Aµ then leads to a gauge-invariant action. Promoting our kinetic operator to
a Weyl-covariant operator is instead more problematic, and we are not aware of any such generalization
for non-integer powers of a Laplacian.3 We thus take Eq. (53) and Eq. (55) as our starting point, putting
aside a proper path integral derivation.
4.1 d = 3
For d = 3, the long representation (∆ > J + 1 for J ≥ 1 and ∆ > 1/2 for J = 0) of the character for
SO(2, 3) is given by:
χ
(3)
(∆,J)(q, µ) =
q∆
∑J
j=−J µ
j
(1− q)(1− qµ)(1− qµ−1) . (61)
The short representations are obtained by eliminating corresponding null states:
χ
(3)
( 1
2
,0)
(q, µ) = χ
(3)
(∆,0)(q, µ)
∣∣∣
∆= 1
2
− χ(3)
( 5
2
,0)
(q, µ) =
q1/2(1 + q)
(1− qµ)(1− qµ−1) , (62)
for J = 0 and:
χ
(3)
(J+1,J)(q, µ) = χ
(3)
(∆,J)(q, µ)
∣∣∣
∆=J+1
− χ(3)(J+2,J−1)(q, µ) =
qJ+1
[
(q − µ)µJ + (1− qµ)µ−J]
(1− µ)(1− q)(1− qµ)(1− qµ−1) , (63)
for J ≥ 1.
Let us first consider the U(N) gauge symmetry case. For the canonical dimension of the fundamental
scalar ∆φ = 1/2, we find that:
Z
(d=3)
U(N) (q, µ) =
(
χ
(3)
( 1
2
,0)
(q, µ)
)2
= χ
(3)
(1,0)(q, µ) +
∞∑
J=1
χ
(3)
(J+1,J)(q, µ) . (64)
This result is the well-known Flato-Fronsdal decomposition [71], which was also generalized to any dimen-
sion in [72]. Next, we consider the ∆φ = d/4 = 3/4 case. For this case, we have:
Z
(d=3)
U(N) (q, µ) =
(
χ
(3)
( 3
4
,0)
(q, µ)
)2
=
∞∑
J=0
∞∑
m=0
χ
(3)
( 3
2
+J+2m,J)
(q, µ) . (65)
For the O(N) gauge symmetry case, following the same computation as above we find:
Z
(d=3)
O(N) (q, µ) =
1
2
(
χ
(3)
( 1
2
,0)
(q, µ)
)2
+
1
2
χ
(3)
( 1
2
,0)
(q2, µ2)
= χ
(3)
(1,0)(q, µ) +
∞∑
J=1
χ
(3)
(2J+1,2J)(q, µ) , (66)
for ∆φ = (d− 2)/2 = 1/2, while in the case ∆φ = d/4 = 3/4 we get:
Z
(d=3)
O(N) (q, µ) =
1
2
(
χ
(3)
( 3
4
,0)
(q, µ)
)2
+
1
2
χ
(3)
( 3
4
,0)
(q2, µ2)
=
∞∑
J=0
∞∑
m=0
χ
(3)
( 3
2
+2J+2m,2J)
(q, µ) . (67)
This agrees with the results we found in section 3 and 3.1.
3For integer powers, such generalization is known as the GJMS operators [70].
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4.2 d = 2
For d = 2, the long representation of the character for SO(2, 2) is given by [72]:
χ
(2)
(∆,J)(q, µ) =
q∆µJ
(1− qµ)(1− q/µ) , (∆ > J) (68)
The short representations are again obtained by eliminating corresponding null states:
χ
(2)
(J,J)(q, µ) = χ
(2)
(∆,J)(q, µ)
∣∣∣
∆=J
− χ(2)(J+1,J−1)(q, µ) =
qJµJ
1− qµ . (69)
For the canonical dimension of the free scalar ∆φ = 0, we have:
Z
(d=2)
U(N) (q, µ) =
(
χ
(2)
(0,0)(q, µ)
)2
=
∞∑
J=0
χ
(2)
(J,J)(q, µ) , (70)
and:
Z
(d=2)
O(N) (q, µ) =
1
2
(
χ
(2)
(0,0)(q, µ)
)2
+
1
2
χ
(2)
(0,0)(q
2, µ2) =
∞∑
J=0
χ
(2)
(2J,2J)(q, µ) . (71)
For ∆φ = d/4 = 1/2 case, the decompositions are given by:
Z
(d=2)
U(N) (q, µ) =
(
χ
(2)
( 1
2
,0)
(q, µ)
)2
=
∞∑
n,n¯=0
χ
(2)
(1+n+n¯, n−n¯)(q, µ) , (72)
and:
Z
(d=2)
O(N) (q, µ) =
1
2
(
χ
(2)
( 1
2
,0)
(q, µ)
)2
+
1
2
χ
(2)
( 1
2
,0)
(q2, µ2) =
∞∑
n,n¯=0
n+n¯=even
χ
(2)
(1+n+n¯, n−n¯)(q, µ) , (73)
where for O(N) case the summations over n and n¯ are taken only for the combinations such that n + n¯
is an even integer. This condition can be explicitly implemented by introducing an additional parameter
a = {0, 1} and parametrizing n = 2n′ + a and n¯ = 2n¯′ + a. Then the partition function for O(N) can be
written as:
Z
(d=2)
O(N) (q, µ) =
1
2
(
χ
(2)
( 1
2
,0)
(q, µ)
)2
+
1
2
χ
(2)
( 1
2
,0)
(q2, µ2) =
∑
a=0,1
∞∑
n′=0
∞∑
n¯′=0
χ
(2)
(1+2a+2n′+2n¯′, 2n′−2n¯′)(q, µ) . (74)
We note that if we introduce the conformal weight h (h¯) of the holomorphic (anti-holomorphic) sector by:
∆ = h + h¯ , J = h − h¯ , (75)
then the spectrum in terms of (h, h¯) is given by:
h =
1 + 2n
2
, h¯ =
1 + 2n¯
2
. (76)
For a free scalar field, as in this case, the symmetric spectrum between (h, h¯) is expected.
The spectrum identifies here is not the one we found in section 3.2 by setting d = 2. In fact, in order
to reproduce the values h+ h¯ = 1 +J + 2n¯ we need to include not only the states with m = 0 from section
3.2, but also the states with m > 0 which appear at d = 2 + , Eq. (46).
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4.3 d = 1
For d = 1, there is no angular momentum or spin, so the character of the SL(2, R) representation with
weight ∆ is given by:
χ
(1)
(∆)(q) =
q∆
1− q . (77)
Therefore, for U(N) gauge symmetry case, we have 4 :
Z
(d=1)
U(N) (q) =
(
χ
(1)
(−1/2)(q)
)2
=
∞∑
m=0
χ
(1)
(m−1)(q) , (78)
and:
Z
(d=1)
U(N) (q) =
(
χ
(1)
(1/4)(q)
)2
=
∞∑
m=0
χ
(1)
(m+ 1
2
)
(q) . (79)
The former corresponds to a free scalar with the canonical dimension and the latter corresponds to the
generalized free scalar with ζ = 1/4.
For the O(N) gauge symmetry case, we obtain:
Z
(d=1)
O(N) (q) =
1
2
(
χ
(1)
(−1/2)(q)
)2
+
1
2
χ
(1)
(−1/2)(q
2) =
∞∑
m=0
χ
(1)
(2m−1)(q) , (80)
and:
Z
(d=1)
O(N) (q) =
1
2
(
χ
(1)
(1/4)(q)
)2
+
1
2
χ
(1)
(1/4)(q
2) =
∞∑
m=0
χ
(1)
(2m+ 1
2
)
(q) . (81)
This agrees with what we found in section 3.4.
5 Conclusion
We studied the tensor model of [1], that is the O(N)3 with a modified free part:
Sfree[φ] =
1
2
∫
ddx φa(x)(−∂2)ζφa(x) , ζ = d/4. (82)
in d < 4. The free theory is unitary. The conformal dimensions of the bilinear primary operators with
arbitrary spin are given by hm,J = d/2 + J + 2m with m ≥ 0.
Once we turn on a small tetrahedral coupling we obtain fixed points. One of them is infrared attractive
for imaginary tetrahedral coupling. Near the fixed points, for d 6= 2, the conformal dimensions are shifted
from the free value by O(g2) for (m,J) 6= (0, 0) and by O(
√
−g2) for (m,J) = (0, 0). The OPE coefficients
are real and shifted by O(g2) for (m,J) 6= (0, 0). For (m,J) = (0, 0), the OPE coefficient is shifted by
O(
√
−g2). It stays real for imaginary tetrahedral coupling, but becomes complex for real tetrahedral
coupling.
The model at d = 2 is very special, and still unclear. While direct computation both in the free and
interacting cases (sections 3.2 and appendix B) seem to suggest that all the states with m > 0 are absent at
d = 2, a derivation of the spectrum of the free theory based on character decomposition (section 4) suggest
that these states are in fact present. A deeper understanding of this point remains elusive. Inspired by
the character decomposition it seems more natural to regard d = 2 as the limit → 0 of d = 2 + .
4The canonical dimension of the free boson in d = 1 gives ∆ = −1/2 and unitary representation of d = 1 does not exist for
∆ < 0 [72]. Nevertheless, if we naively use the above character formula for this canonical dimension, still the decomposition
works as we show below.
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We note that the spectrum of operators we have found does not include a spin-2 operator of dimension
d. One could naively expect such an operator to exist, as it would correspond to the energy-momentum
tensor of the theory. The fundamental reason for its absence is that in our model the energy-momentum
tensor, if it exists, is a non-local operator.
In the case of a purely imaginary tetrahedral coupling we have an infrared attractive fixed point. In
this case (at all orders in the coupling) all the OPE coefficients of a bilinear primary operator and two
fundamental fields are real. Even though we have not exhausted all the primary operators in the model,
our result is a strong indication that the large N CFT at the infrared attractive fixed point is unitarity.
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A Measure and residue
In this appendix, we give a detailed computation of the measure and residues, which are needed for the
computation of the OPE coefficients in section 3.
The measure. We want to compute the measure at the physical dimensions hm,J = d/2+J+2m+2zm,J .
In this subsection, the results are valid for d 6= 1, 2. From now on we consider only even spin, as otherwise
the measure in eq. (17) is zero. Taking into account that ∆φ = d/4 the measure simplifies to:
µdd/4(h, J) =
Γ(J + d2)
Γ(J + 1)
HdJ(h) ,
HdJ(h) =
Γ(
− d
2
+h+J
2 )Γ(
d
2
−h+J
2 )Γ(h− 1)Γ(d− h+ J)Γ(h+J2 )2
Γ(
3d
2
−h+J
2 )Γ(
d
2
+h+J
2 )Γ(h− d2)Γ(h+ J − 1)Γ(d−h+J2 )2
.
(83)
We parametrize h = d/2 + J + 2m+ 2z and HdJ(d/2 + J + 2m+ 2z) becomes:
Γ(J +m+ z)Γ(−m− z)Γ(d2 + J + 2m+ 2z − 1)Γ(d2 − 2m− 2z)Γ(d4 + J +m+ z)2
Γ(d2 −m− z)Γ(d2 + J +m+ z)Γ(J + 2m+ 2z)Γ(d2 + 2J + 2m+ 2z − 1)Γ(d4 −m− z)2
. (84)
As the anomalous dimensions zm,J are small at small coupling, we can compute the measure at hm,J as
Laurent series in zm,J . Recalling that Γ
′(z) = Γ(z)Ψ(z) with Ψ(z) the digamma function, we again have
two cases.
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The case (m,J) = (0, 0) The Laurent series of Hd0 (d/2 + 2z) at small z is obtained as:
Γ(z)Γ(−z)Γ(d2 − 2z)Γ(d4 + z)2
Γ(d2 − z)Γ(d2 + z)Γ(2z)Γ(d4 − z)2
=
(
−2
z
)
Γ(1 + z)Γ(1− z)Γ(d2 − 2z)Γ(d4 + z)2
Γ(d2 − z)Γ(d2 + z)Γ(1 + 2z)Γ(d4 − z)2
=
(
−2
z
)[
1
Γ(d/2)
+ z
1
Γ(d/2)
(
4Ψ(d/4)− 2Ψ(d/2)− 2Ψ(1)
)]
+O(z) ,
(85)
therefore:
µdd/4
(
d
2
+ 2z, 0
)
= −2
z
+ 4
[
Ψ(d/2) + Ψ(1)− 2Ψ(d/4)
]
+O(z) . (86)
The case (m,J) 6= (0, 0) Using Γ(−m− z)Γ(1 +m+ z) = (−1)m+1Γ(1 + z)Γ(1− z)/z we have:
HdJ(d/2 + J + 2m+ 2z) =
=
(−1)m+1Γ(J +m)Γ(d2 + J + 2m− 1)Γ(d2 − 2m)Γ(d4 + J +m)2
zΓ(m+ 1)Γ(d2 −m)Γ(d2 + J +m)Γ(J + 2m)Γ(d2 + 2J + 2m− 1)Γ(d4 −m)2
+O(z0) .
(87)
In order to include as much as possible explicitly positive terms, it is convenient to use:
(−1)m+1 Γ(
d
2 − 2m)
Γ(d2 −m)
= − Γ
(
1 +m− d2
)
Γ
(
1 + 2m− d2
) ,
therefore:
µdd/4
(
d
2
+ J + 2m+ 2z, J
)
= (−1)Γ(J +
d
2)
Γ(J + 1)
(88)
× Γ(J +m)Γ(
d
2 + J + 2m− 1)Γ(1 +m− d2)Γ(d4 + J +m)2
Γ(m+ 1)Γ(1 + 2m− d2)Γ(d2 + J +m)Γ(J + 2m)Γ(d2 + 2J + 2m− 1)Γ(d4 −m)2
1
z
+O(z0) .
The k′ term. Next we need to evaluate k′ at hm,J . Shifting to the z variables,
k′(d/2 + J + 2m+ 2z, J) =
1
2
d
dz
k(m,J)(z) ,
where the functions k(m,J)(z) are defined in eq. (23). We have:
d
dz
k(0,0)(z) = k(0,0)(z)
[
−2
z
+ Ψ(1 + z)−Ψ(1− z) + Ψ
(
d
2
− z
)
−Ψ
(
d
2
+ z
)]
(89)
d
dz
k(m,J)(z)
(m,J)6=(0,0)
========= k(m,J)(z)
[
− 1
z
+ Ψ(J +m+ z) + Ψ(1 + z)−Ψ(1− z)
+ Ψ
(
m+ 1− d
2
+ z
)
−Ψ
(
d
2
+ J +m+ z
)
−Ψ(m+ 1 + z)−Ψ
(
z − d
2
)
+ Ψ
(
d
2
+ 1− z
)]
.
At the physical dimension zm,J , k(m,J)(zm,J) = 1 therefore we get the Laurent series:
1
2
d
dz
k(0,0)(z0,0) = −
1
z0,0
+O(z0,0) ,
1
2
d
dz
k(m,J)(zm,J) = −
1
2zm,J
+O(z0m,J) . (90)
Observe that the Laurent series of k(0,0) does not have a constant term.
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B The free theory for ζ ≤ 1
The four point function in a (generalized) free CFT:
S[φ] =
1
2
∫
ddx φa(x)(−∂2)ζφa(x) , (91)
with a real field of dimension ∆φ = d/2− ζ can be written as in Eq. (16) with zero four point kernel:
〈φ(x1)φ(x3)〉 〈φ(x2)φ(x4)〉+ 〈φ(x1)φ(x4)〉 〈φ(x2)φ(x3)〉 =
∑
J
∫ d
2
+ı∞
d
2
−ı∞
dh
2piı
µd∆φ(h, J)G
∆φ
h,J(xi) . (92)
The measure is given by Eq. (17):
µd∆φ(h, J) =
(
1 + (−1)J
2
)
Γ(J + d2)
Γ(J + 1)
× Γ(
d
2 −∆φ)2Γ(
2∆φ−d+h+J
2 )Γ(
2∆φ−h+J
2 )Γ(h− 1)Γ(d− h+ J)Γ(h+J2 )2
Γ(∆φ)2Γ(
2d−2∆φ−h+J
2 )Γ(
d−2∆φ+h+J
2 )Γ(h− d2)Γ(h+ J − 1)Γ(d−h+J2 )2
. (93)
As in the case of the interacting theory, we can close the contour to the right and pick up the poles of
the measure with Re(h) ≥ d/2, from which we should exclude the “spurious” poles of [59], i.e. the poles of
the measure that cancel with the poles of the conformal blocks. Such spurious poles are the poles of the
Γ(d−h+J) factor in the numerator of Eq. (93). Since h > d/2, we are left with the poles of Γ(2∆φ−h+J2 ),
i.e.:
hm,J = 2∆φ + J + 2m, m ∈ N . (94)
However, we have two Gamma functions in the denominator of Eq. (93) that can have poles, which, in the
case that they coincide with any of the above poles, can lead to a zero residue (that is the absence of the
corresponding pole). The Gammas in question are Γ(
2d−2∆φ−h+J
2 ) and Γ(
d−h+J
2 )
2. Substituting Eq. (94)
into Eq. (17) we find:
Res
[
µd∆φ(h, J)
]
h=hm,J
∝ 1
Γ(d− 2∆φ −m)Γ(d2 −∆φ −m)2
. (95)
For the canonical scaling, ∆φ =
d
2 −1 (that is ζ = 1), the denominator is Γ(2−m)Γ(1−m)2 and all the
poles with m ≥ 1 have zero residue. This means that the genuine poles are given by Eq. (94) with m = 0.
This spectrum coincides with the one of the vector model, not with the one of an interacting tensor model
with standard propagator [38]. This should not be a surprise, as the free theory is indistinguishable from
a vector model with O(N3) symmetry, but as soon as interactions are turned on the symmetry is broken
down to O(N)3. Another way to understand this result is to notice that in the free theory any operator
containing a factor ∂2φ can be eliminated by the equations of motion, regardless of the tensor rank.
For our scaling, ∆φ =
d
4 (that is ζ = d/4), we find instead Γ(
d
2 −m)Γ(d4 −m)2. Since the unitarity
bounds require d ≤ 4, we have three distinct cases: for d = 4, we are back to the canonical case; for d = 2,
we have poles only from the first Gamma function, leading to the restriction m = 0 as in Sec. 3.2; for
0 < d < 4 and d 6= 2, neither of the two arguments of the Gamma functions are integers and all m ≥ 0 are
genuine poles.
While the discontinuity of the spectrum at d = 4 can be understood as a consequence of the kinetic
term becoming local, the discontinuity at d = 2 remains puzzling. In fact, repeating the argument above,
we would expect not to be able to remove operators with ∂2φ factors for any d < 4, as the Schwinger-Dyson
equations:
〈φ(x1) . . . φ(xn)(−∂2)d/4φ(x0)〉 =
n∑
i=1
δ(x0 − xi)〈
1...n∏
j 6=i
φ(xj)〉 , (96)
does not imply that we can eliminate ∂2φ inside correlation functions.
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C The SYK model
In this appendix, we review the OPE coefficients of the original SYK model and the conformal SYK model
of Gross and Rosenhaus [56].
For the original SYK model, the OPE coefficients are given by [34]:
c2m = α0
(hm − 1/2)
pi tan(pihm/2)
Γ(hm)
2
Γ(2hm)
1
k′(hm)
, (m = 1, 2, · · · ) , (97)
where:
α0 =
2piq
(q − 1)(q − 2) tan piq
, (98)
and:
k(h) = − (q − 1)
Γ(32 − 1q )Γ(1− 1q )Γ(1q + h2 )Γ(12 + 1q − h2 )
Γ(12 +
1
q )Γ(
1
q )Γ(
3
2 − 1q − h2 )Γ(1− 1q + h2 )
. (99)
The on-shell value of the conformal dimensions hm are determined by k(h) = 1. Since tan(pihm/2) < 0
and k′(hm) < 0, we have
c2m > 0 , (m = 1, 2, · · · ) . (100)
The conformal SYK model considered by Gross and Rosenhaus [56] has the OPE coefficients
c2m = α0(q,∆)
(hm − 1/2)
pi tan(pihm/2)
Γ(hm)
2
Γ(2hm)
1
(1− 2b¯)2k′(hm)
, (m = 0, 1, 2, · · · ) , (101)
with:
α0(q,∆) =
2pi
(q − 1)(1− 2∆) tanpi∆ , (102)
and:
k(h) = − (q − 1) Γ(
3
2 −∆)Γ(1−∆)Γ(∆ + h2 )Γ(12 + ∆− h2 )
Γ(12 + ∆)Γ(∆)Γ(
3
2 −∆− h2 )Γ(1−∆ + h2 )
. (103)
The on-shell value of the conformal dimensions hm are determined by (1− 2b¯)k(h) = 1. The dependence
of the coupling constant comes from b¯ which is determined by
b¯q
1− 2b¯ =
1
2piJ2
(1− 2∆) tanpi∆ . (104)
For ∆ = 1/q, the OPE coefficients are identical to those of the original SYK model except the (1−2b¯)−2
factor. For real value of the coupling constant, this factor is always positive. Therefore in this model, for
any value of real coupling constant
c2m > 0 , (m = 0, 1, 2, · · · ) (105)
Let us now explicitly compute the OPE coefficient for small coupling |J |  1 in this model. To compare
with our model we set q = 4 and ∆ = 1/q = 1/4.
First from Eq.(104), we can explicitly solve for b¯ as
b¯ =
1
2
− pi
8
J2 + O(J4) . (106)
The solution of the conformal dimensions are now given by
hm =
3
2
+ 2m +
3J2
4(1 + 2m)
+ O(J4) , (107)
and
c2m = α0(4, 1/4)
3Γ(3/2 + 2m)2
pi2Γ(3 + 4m)
+ O(J) . (108)
21
References
[1] D. Benedetti, R. Gurau and S. Harribey, Line of fixed points in a bosonic tensor model, JHEP 06
(2019) 053 [arXiv:1903.03578 ].
[2] V. Bonzom, R. Gurau, A. Riello and V. Rivasseau, Critical behavior of colored tensor models in the
large N limit, Nucl. Phys. B853 (2011) 174 [arXiv:1105.3122].
[3] R. Gurau, Random Tensors.Oxford University Press, Oxford, 2016.
[4] I. R. Klebanov, F. Popov and G. Tarnopolsky, TASI Lectures on Large N Tensor Models, PoS
TASI2017 (2018) 004 [arXiv:1808.09434].
[5] S. Prakash and R. Sinha, Melonic Dominance in Subchromatic Sextic Tensor Models,
arXiv:1908.07178.
[6] R. Guida and J. Zinn-Justin, Critical exponents of the N vector model, J. Phys. A31 (1998) 8103
[arXiv:cond-mat/9803240].
[7] M. Moshe and J. Zinn-Justin, Quantum field theory in the large N limit: A Review, Phys. Rept. 385
(2003) 69 [arXiv:hep-th/0306133].
[8] G. ’t Hooft, A planar diagram theory for strong interactions, Nucl. Phys. B72 (1974) 461.
[9] E. Brezin, C. Itzykson, G. Parisi and J. B. Zuber, Planar diagrams, Commun. Math. Phys. 59
(1978) 35.
[10] P. Di Francesco, P. H. Ginsparg and J. Zinn-Justin, 2−D Gravity and random matrices, Phys.
Rept. 254 (1995) 1–133 [arXiv:hep-th/9306153].
[11] F. Ferrari, The Large D Limit of Planar Diagrams, arXiv:1701.01171.
[12] F. Ferrari, V. Rivasseau and G. Valette, A New Large N Expansion for General Matrix–Tensor
Models, Commun. Math. Phys. 370 (2019) 403 [arXiv:1709.07366 [hep-th]].
[13] T. Azeyanagi, F. Ferrari, P. Gregori, L. Leduc and G. Valette, More on the New Large D Limit of
Matrix Models, Annals Phys. 393 (2018) 308 [arXiv:1710.07263 [hep-th]].
[14] J. Ambjorn, B. Durhuus and T. Jonsson, Three-dimensional simplicial quantum gravity and
generalized matrix models, Mod. Phys. Lett. A6 (1991) 1133.
[15] N. Sasakura, Tensor model for gravity and orientability of manifold, Mod. Phys. Lett. A6 (1991)
2613.
[16] R. Gurau, Colored Group Field Theory, Commun. Math. Phys. 304 (2011) 69 [arXiv:0907.2582].
[17] R. Gurau and J. P. Ryan, Colored tensor models - a review, SIGMA 8 (2012) 020
[arXiv:1109.4812].
[18] E. Witten, An SYK-Like Model Without Disorder, arXiv:1610.09758.
[19] R. Gurau, The complete 1/N expansion of a SYK–like tensor model, Nucl. Phys. B916 (2017) 386
[arXiv:1611.04032].
[20] I. R. Klebanov and G. Tarnopolsky, Uncolored Random Tensors, Melon Diagrams, and the SYK
Models, Phys. Rev. D 95 (2017) 046004 [arXiv:1611.08915].
22
[21] C. Peng, M. Spradlin and A. Volovich, A Supersymmetric SYK-like Tensor Model, JHEP 05 (2017)
062 [arXiv:1612.03851].
[22] C. Krishnan, S. Sanyal and P. N. Bala Subramanian, Quantum Chaos and Holographic Tensor
Models, JHEP 03 (2017) 056 [arXiv:1612.06330].
[23] C. Krishnan, K. V. P. Kumar and D. Rosa, Contrasting SYK-like Models, JHEP 1801 (2018) 064
[arXiv:1709.06498].
[24] K. Bulycheva, I. R. Klebanov, A. Milekhin and G. Tarnopolsky, Spectra of Operators in Large N
Tensor Models, Phys. Rev. D 97 (2018) 026016 [arXiv:1707.09347].
[25] S. Choudhury, A. Dey, I. Halder, L. Janagal, S. Minwalla and R. Poojary, Notes on Melonic
O(N)q−1 Tensor Models, JHEP 06 (2018) 094 [arXiv:1707.09352].
[26] N. Halmagyi and S. Mondal, Tensor Models for Black Hole Probes, JHEP 07 (2018) 095
[arXiv:1711.04385].
[27] I. R. Klebanov, A. Milekhin, F. Popov and G. Tarnopolsky, Spectra of eigenstates in fermionic
tensor quantum mechanics, Phys. Rev. D 97 (2018) 106023 [arXiv:1802.10263].
[28] S. Carrozza and V. Pozsgay, SYK-like tensor quantum mechanics with Sp(N) symmetry, Nucl. Phys.
B941 (2019) 28 [arXiv:1809.07753].
[29] I. R. Klebanov, P. N. Pallegar and F. K. Popov, Majorana Fermion Quantum Mechanics for Higher
Rank Tensors, arXiv:1905.06264.
[30] F. Ferrari and F. I. Schaposnik Massolo, Phases Of Melonic Quantum Mechanics, Phys. Rev. D 100
(2019) 026007 [arXiv:1903.06633].
[31] N. Delporte and V. Rivasseau, The Tensor Track V: Holographic Tensors, 2018. arXiv:1804.11101.
[32] S. Sachdev and J. Ye, Gapless spin fluid ground state in a random, quantum Heisenberg magnet,
Phys. Rev. Lett. 70 (1993) 3339 [arXiv:cond-mat/9212030].
[33] A. Kitaev, A simple model of quantum holography, KITP strings seminar and Entanglement 2015
program (Feb. 12, April 7, and May 27, 2015).
[34] J. Maldacena and D. Stanford, Remarks on the Sachdev-Ye-Kitaev model, Phys. Rev. D 94 (2016)
106002 [arXiv:1604.07818].
[35] J. Polchinski and V. Rosenhaus, The Spectrum in the Sachdev-Ye-Kitaev Model, JHEP 04 (2016)
001 [arXiv:1601.06768].
[36] A. Jevicki, K. Suzuki and J. Yoon, Bi-Local Holography in the SYK Model, JHEP 07 (2016) 007
[arXiv:1603.06246].
[37] D. J. Gross and V. Rosenhaus, A Generalization of Sachdev-Ye-Kitaev, JHEP 02 (2017) 093
[arXiv:1610.01569].
[38] S. Giombi, I. R. Klebanov and G. Tarnopolsky, Bosonic tensor models at large N and small , Phys.
Rev. D 96 (2017) 106014 [arXiv:1707.03866].
[39] S. Prakash and R. Sinha, A Complex Fermionic Tensor Model in d Dimensions, arXiv:1710.09357.
23
[40] D. Benedetti, S. Carrozza, R. Gurau and A. Sfondrini, Tensorial Gross-Neveu models, JHEP 01
(2018) 003 [arXiv:1710.10253].
[41] S. Giombi, I. R. Klebanov, F. Popov, S. Prakash and G. Tarnopolsky, Prismatic Large N Models for
Bosonic Tensors, Phys. Rev. D 98 (2018) 105005 [arXiv:1808.04344].
[42] D. Benedetti and N. Delporte, Phase diagram and fixed points of tensorial Gross-Neveu models in
three dimensions, JHEP 01 (2019) 218 [arXiv:1810.04583].
[43] F. K. Popov, Supersymmetric Tensor Model at Large N and Small , [arXiv:1907.02440].
[44] O. W. Greenberg, Generalized Free Fields and Models of Local Field Theory, Annals Phys. 16
(1961) 158.
[45] M. E. Fisher, S. k. Ma and B. G. Nickel, Critical Exponents for Long-Range Interactions, Phys. Rev.
Lett. 29 (1972) 917.
[46] J. Sak, Recursion Relations and Fixed Points for Ferromagnets with Long-Range Interactions, Phys.
Rev. B 8 (2019) 281.
[47] D. C. Brydges, P. K. Mitter and B. Scoppola, Critical (Phi**4)(3, epsilon), Commun. Math. Phys.
240 (2003) 281 [arXiv:hep-th/0206040].
[48] A. Abdesselam, A Complete Renormalization Group Trajectory Between Two Fixed Points,
Commun. Math. Phys. 276 (2007) 727 [arXiv:math-ph/0610018].
[49] E. Brezin, G. Parisi and F. Ricci-Tersenghi, The Crossover Region Between Long-Range and
Short-Range Interactions for the Critical Exponents, J. Stat. Phys. 157 (2014) 855
[arXiv:1407.3358].
[50] N. Defenu, A. Trombettoni and A. Codello, Fixed-point structure and effective fractional
dimensionality for O(N) models with long-range interactions, Phys. Rev. E 92 (2015) 052113
[arXiv:1409.8322].
[51] M. F. Paulos, S. Rychkov, B. C. van Rees and B. Zan, Conformal Invariance in the Long-Range
Ising Model, Nucl. Phys. B 902 (2016) 246 [arXiv:1509.00008].
[52] C. Behan, L. Rastelli, S. Rychkov and B. Zan, A scaling theory for the long-range to short-range
crossover and an infrared duality, J. Phys. A 50 (2017) 354002 [arXiv:1703.05325].
[53] M. E. Fisher, Yang-Lee Edge Singularity and phi**3 Field Theory, Phys. Rev. Lett. 40 (1978) 1610.
[54] J. L. Cardy, Conformal Invariance and the Yang-lee Edge Singularity in Two-dimensions, Phys.
Rev. Lett. 54 (1985) 1354.
[55] V. Gorbenko, S. Rychkov, B. Zan, Walking, Weak first-order transitions, and Complex CFTs, JHEP
10 (2018) 108 [arXiv:1808.04380].
[56] D. J. Gross and V. Rosenhaus, A line of CFTs: from generalized free fields to SYK, JHEP 07
(2017) 086 [arXiv:1706.07015].
[57] S. Carrozza and A. Tanasa, O(N) Random Tensor Models, Lett. Math. Phys. 106 (2016) 1531
[arXiv:1512.06718].
[58] D. Benedetti and R. Gurau, 2PI effective action for the SYK model and tensor field theories, JHEP
05 (2018) 156 [arXiv:1802.05500].
24
[59] D. Simmons-Duffin, D. Stanford and E. Witten, A spacetime derivation of the Lorentzian OPE
inversion formula, JHEP 07 (2018) 085[arXiv:1711.03816].
[60] J. Liu, E. Perlmutter, V. Rosenhaus and D. Simmons-Duffin, d-dimensional SYK, AdS Loops, and
6j Symbols, JHEP 03 (2019) 052 [arXiv:1808.00612].
[61] R. Gurau, Notes on Tensor models and Tensor field theories, arXiv:1907.03531.
[62] A. Kitaev, Notes on S˜L(2,R) representations, arXiv:1711.08169.
[63] S. Giombi, Higher Spin – CFT Duality, doi:10.1142/9789813149441 0003 [arXiv:1607.02967].
[64] B. Sundborg, The Hagedorn transition, deconfinement and N=4 SYM theory, Nucl. Phys. B 573
(2000) 349 [arXiv:hep-th/9908001].
[65] O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas and M. Van Raamsdonk, The Hagedorn -
deconfinement phase transition in weakly coupled large N gauge theories, Adv. Theor. Math. Phys. 8
(2004) 603 [arXiv:hep-th/0310285].
[66] S. H. Shenker and X. Yin, Vector Models in the Singlet Sector at Finite Temperature,
arXiv:1109.3519.
[67] A. Jevicki, K. Jin and J. Yoon, 1/N and loop corrections in higher spin AdS4/CFT3 duality, Phys.
Rev. D 89 (2014) 085039 [arXiv:1401.3318].
[68] S. Giombi, I. R. Klebanov and A. A. Tseytlin, Partition Functions and Casimir Energies in Higher
Spin AdSd+1/CFTd, Phys. Rev. D 90 (2014) 024048 [arXiv:1402.5396].
[69] M. Beccaria and A. A. Tseytlin, Partition function of free conformal fields in 3-plet representation,
JHEP 1705 (2017) 053 [arXiv:1703.04460].
[70] C. R. Graham, R. Jenne, L. J. Mason and G. A. Sparling, Conformally Invariant Powers of the
Laplacian, I: Existence, Journal of the London Mathematical Society, s2-46: 557-565.
[71] M. Flato and C. Fronsdal, One Massless Particle Equals Two Dirac Singletons: Elementary
Particles in a Curved Space. 6., Lett. Math. Phys. 2 (1978) 421.
[72] F. A. Dolan, Character formulae and partition functions in higher dimensional conformal field
theory, J. Math. Phys. 47 (2006) 062303 [arXiv:0508031].
25
